In this paper, we present a new class of graphs named quasi-locally paw-free (QLP) graphs. We prove the strong perfect graph conjecture for a subclass of QLP class, by exhibiting a polynomial combinatorial algorithm for !-coloring any Berge graph for this subclass. This subclass contains K4-free graphs and chordal graphs.
Introduction
All graphs considered here are ÿnite and simple. In a graph G = (V; E), a k-coloring is a mapping c : V → {1; 2; : : : ; k} such that c(u) = c(v) for every edge uv. Note that each color class is a stable set, hence a k-coloring can be thought of as a partition of the vertices of a graph into stable sets S 1 ; S 2 ; : : : ; S k . The chromatic number (G) is the smallest k such that G admits a k-coloring. A graph G is called perfect if (H )=!(H ) for every induced subgraph H of G, where !(H ) is the size of a largest clique in H . A hole is a chordless cycle of length at least four and an antihole is the complementary graph of a hole. We say that G is a Berge graph if G contains no odd hole and no odd antihole. In the early 1960s, Claude Berge conjectured that a graph is perfect if and only if it is a Berge graph [2] . This conjecture, known as the strong perfect graph conjecture (SPGC), has been proved for several classes of graphs but remains open today. A graph G is called minimal imperfect if G is not perfect but every proper induced subgraph of G is perfect. Using these graphs, the SPGC can be restated in the form "the only minimal imperfect graphs are odd holes and odd antiholes". Thus, one approach to the SPGC has been to look for properties of minimal imperfect graphs [3] . It is possible to !-color any perfect graph using the algorithm of Gr otschel et al. [3] . However, their algorithm uses the ellipsoid method and has rather high complexity. Hence, we are still interested in simple combinatorial algorithms for coloring perfect graphs.
In this paper, we introduce a new class of graphs called quasi-locally paw-free (QLP) graphs, where a paw is the graph induced by the vertices a; b; c; d and the edges ab; ac; ad; cd. A vertex v in a graph G is called a QLP vertex if its neighborhood in G induces a paw-free subgraph. Now, we say that a graph G is QLP if every induced subgraph of G contains a QLP vertex.
We give a coloring theorem for a subclass of this class of graphs, proving in this way the validity of the SPGC for this subclass which strictly contains triangulated graphs, paw-free Berge graphs and K 4 -free Berge graphs. The proof of the theorem leads to a sequential combinatorial algorithm for !-coloring in polynomial time any Berge graph of this subclass.
Preliminaries
In a graph G = (V; E), the subgraph induced by
Clearly, every QLP Berge graph admits a labeling [v 1 ; v 2 ; : : : ; v n ] of its vertices such that each v i is a QLP vertex in the subgraph G i induced by the vertices [v i ; v i+1 ; : : : ; v n ]. We call this ordering a QLP elimination ordering. One can easily see that the existence of such an ordering is a su cient condition for a Berge graph to be QLP. It is possible to ÿnd such an ordering in polynomial time by using the recognition algorithm of paw-free graphs [4] . Indeed, for i = 1; : : : ; n it is possible to determine in polynomial time a vertex v i in G i such that the subgraph . We call this operation a trichromatic exchange. We say that v is a Tucker vertex if the previous property holds for every !(G)-coloring of G − v.
Main result
In a graph G, a vertex v is called a QLP 0 vertex if v is a QLP vertex such that G[N (v)] admits at most one complete-multipartite component. So, we say that G is a QLP 0 graph if every induced subgraph of G contains a QLP 0 vertex.
This class, which is a subclass of QLP graphs, strictly contains triangulated graphs, paw-free Berge graphs and K 4 -free Berge graphs. Indeed, in a triangulated graph each induced subgraph contains a simplicial vertex, i.e., a vertex whose neighbourhood is a clique. In a paw-free Berge graph, it is clear that the neighbourhood of each vertex induces either a bipartite subgraph or a complete-multipartite subgraph, and so each vertex is a QLP 0 vertex. In a K 4 -free graph, it is easily be seen that each vertex is a QLP vertex whose neighborhood admits no complete-multipartite component.
Our main result is the following: Thus, each pair of vertices in C having distinct colors are adjacent, and then C is partitioned into ! stable sets. Hence, we obtain a clique of size ! + 1 in G, which is a contradiction.
As a direct consequence of Theorem 1, we have:
As a second consequence of Theorem 1, we give in the following corollary a new property of minimal imperfect graphs N (v i )] ) is computed in the ÿrst step, and so !(G) can be computed in time O(n). Finally, start from the trivial coloring of G n and iteratively ÿnd an optimal coloring of G i from an optimal coloring of G i+1 using the method of Theorem 1 (complexity at most O(n 4 )). This yields an O(n 4 ) algorithm for ÿnding an !(G)-coloring of G.
